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NUMERICAL SOLUTION OF FRACTIONAL PARTIAL
INTEGRO-DIFFERENTIAL EQUATIONSVIA
TWO-DIMENSIONAL FRACTIONAL MUNTZ-LEGENDRE
POLYNOMIALS

(Y mahmood shareef, (4 Khalid farhan fazea
(1112 Shatrah Universit, College of Engineering, Shatrah Tho-Qar / Iraqg.
(1 mahmoodshareef @shu.edu.iq, 12 khalidfarhanfazea@shu.edu.iq
Abstract
We present a numerical method for solving a class of linear and
nonlinear fractional partial integro-differential equations (FPIDEs). The
purpose of the proposed method is to provide an orthogonal basis for
two-dimensional fractional Montz-Legendre polynomials. Based on these
polynomials, we approximate unknown functions. We also provide an
operational matrix for the fractional derivative in the sense of Caputo to
compute fractional derivatives. The proposed approximation, together
with the Tao method, transforms the solution of FPIDE equations into
the solution of a system of algebraic equations. Finally, to demonstrate
the validity and accuracy of the present method, we give some numerical
examples.
Keywords. Numerical solution, fractional differential equations, polynomials,
Muntz Legend.
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1. Introduction
We consider aclass of fractional partial integro-differential equations

(FIPDEs) asfollows

D)
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1 1
Diu(x,t) + Dfu(x, t)=g9g(xt)+ f f k(x,t,y,s)uP(y,s)dyds
0 Jo

2)

u(x,0) = ho(x). u(0,t) =fo(H) 0<a.p <1. x.t € Q= (0,1] x (0,1].
where p € N and «, § are the Caputo sense's order of the fractional derivatives
and the function g(x,t) € L>(Q) : and k(x, t.y:s) € L?(Q x Q) are known, and
u(x, t) is unknown to be determined. Researchers have recently presented a
number of numerical methods for solving certain types of fractional integro-
differential equations. For example. Yousefi, Javadi, and Babolian [1] used a
computational approach for solving fractional integral equations based on
Legendre collocation method. Mahdi [2] used the least sgares method aid of
Hermite polynomialsfor solving a linear system of fractional integro-differential
equations. Yang. Chen, and Huang [3] used the spectral -collocation method for
fractional fredholm integro-differential equations. Saadatmandi and Dehghan [4]
used a Legendre collocation method for fractional integro-differential equations.
Mojahedfar and Marzabad [5] used normalized Legendre polynomials for
solving a class of linear partial fractional Fredholm integro-differential
equations. The other numerical methods can be found in [6,7,8,8,9].

In this study, we solve equation (1) numerically by applying two-
dimensional fractiona Muntz-Legendre polynomials (2D-FMLPs).

The structure of this article is as follows. A quick review of the Caputo
fractional derivativeisgivenin Section 2, and this section al'so includes areview
of the one-dimensional fractional Muntz-Legendre polynomials. Two
dimensional fractional Muntz-L egendre polynomials are presented in Section 3.
We present an operational matrix of fractional derivative in the Caputo sense in
Section 4. In Section 5, we use the Tau technique based on 2D-FMLPs to
estimate the solution of FPIDEs. To demonstrate the effectiveness and precision
of the suggested approach, we provide a few FPIDE examples in Section 6.
Finally, Section 7 presents a conclusion..

2. Preliminaries

2.1. Caputo fractional derivative
In this section, we introduce definitions and preliminary qualities of the
fractional calculus, which are adopted in this paper.

Definition 1. The Caputo fractional derivative of order a is given by

. F @ d 1<a< EN
T, n-— a<n n ,
Dou(t) = (m—a)), (t—r1)* "1
d™u(t)
dtm -’
It can easily be shown that

a=nt>0

746



¥ 1312 U'“JL"‘"“ U"J‘ﬁ‘ J‘Al""“

24 dicloinillg duluidl pglell
agaja deots - filoll dueiogo - dueslall - cdull dwpll ads

D*C = 0.

DO

where C is aconstant and
(3) Det?
0, v € Ny, and v <] a].
= F'(v+1) po-a
Tw+1-a) '
where [«a] isthe integer part of « > 0, and N, = {0,1,2, ... }. Also, we have

D¢ (i aiui(t)> = i a;D%u;(t).

wherea;,i =1 ... .. n are constants.

vENyandv =] a] orv & Ny and v >| «]

2.2. One-dimensional fractional Muntz-L egendre polynomials
The one-dimensional fractiona Muntz-Legendre polynomials L;(t; «) on [0,1]
aregiven by [10] :

-1 i—-k i-1
@ Lit:a) _Z Cont*®. Cpp = ii'(i) k)'l_[ ((k +v)a + D).

Remark 2.1. Accord| ng to Eg. (4) the analytic form of L i (t; a) can be written on
the form:

i
(5) Li(t:a) = Z by, £
k=0

where

(1T (4 ke +i)

(6) bk,i = .
KIG =T (5 + k)
Also. we have

(7) Li(t;x) = Pl( @ )(Zt“ —1), a>0.
where Pi(“'ﬁ ) are the Jacobi polynomial with parameters a, § > —1 [see 10,11].

By Eq. (7) and the recurrence relation between the Jacobi polynomials [11], we
can obtain the following recurrence formula:

Li+1(t; a) = af‘Li(t; Gf) — biaLi_l(t,' a’); [ = 1,2
where
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(2i+%)‘ (2i+%—1)(2i+%+1)(2t“—1)—(%—1)2

a

al =
2(i+1)(i+%)(2i+%—1)
o1 1
pe = (itg-1)(itg+1) Lo(t:a) = 1. Ll(t:a)=(é+1>t“—%.

l _(i+1)(i+%)(2i+%—1)

Remark 2.2. The fractional Muntz-Legendre polynomials are orthogonal on the
interval [0,1] with the orthogonality relation:
1

(8) j Li(t; @) Li(t; a)dt =
0

where §;; is the Kronecker function.

S
2ia+17Y

Definition 2. The expansion of any arbitrary function u(t) that isintegrablein
[0,1] isasfollows:

oo

(9) u(t) = u;L;(t; a)
2
where

u; = (2ia + 1)] u(t)L;(t:a)dt. i = 0.1 ...
0

In practice. only the first (m + 1)-terms of fractional Muntz-
Legendre polynomials are considered. The infinite series of Eq. (9) may

then be used to write it as
m

(10) u(t) = u,, () = z wiLy(t @) = UT(t; @)
where =0
(11) U =|ug-uq..uyl’,

(12) o(t;a) =|Lo(t;a),Li(t; ) ... L, (t; )],
Remark 2.3. According to Remark 2.2. we have

| e 0 0 0]
(13) /¢(t;a)¢T(t;a)dt: 0 0 :
0 . .
: : " 0
| 0 0 0 2(nz.;a+] J
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2.3. Error bound
the following theorem shows approximation converges fractional
MuntzL egendre polynomialsto u(t).
Theorem 2.4. Suppcse D¥*u(t) € € | 0,1] for k = 0,1 ... m. If u,,,(¢t) in Eq.
(10) isthe lest approximaticn to u(t) from M,, , =
span{L,(t; a), L, (t; @), .... L, (t; a)}, then
M,
u(® = um(Blo = ['(ma+ DVZma + 1
where M, > D™*u(t),t €| 0.1].
Proof. By applyl ng Taylor's formula (see |12. 13]), then

ma

u(t) = z ————D*y(0%) +t—Dm“u(€)- 0<&<t tel01
F(k +1) F'(ma+1) ' ’ ’

Also.

tma

tka . a
w®) = RZ‘, [(ka + 1)Dk w0 <t D

On the other hand, u,,(t) = UT¢(t;a) is the best approximation
k
to u(t). and

D¥*u(0%) € My, 4. So, it can be written as

k=0 T(ka+1)
_ 2
£ k +
t) — 3 < t) — Z ———D"**u(0
w(® ~un @l < [uO = ) ey PO
k=0 w
2 1 2
< Mo j t?made = Mo .
F(ma + 1) F(ma + 1)2(2ma + 1)
Hence.
1(0) = (D)l < M
u(t) —u < :
mese [(ma+ 1)VZma + 1

So, the proof is completed.
3. Two-dimensional fractional Muntz-Legendre polynomials
In this section, we define the fractional Muntz-Legendre
polynomials in the domain Q=|0,1]x|0,1] . We can define these
polynomials in the following , to reach our goal.
Definition 3. Assume {L,(t; a)};-, be the one-dimensional fractional

Muntz-Legendre polynomials on | 0,1]. We call {L;(x; a)L;(t; [3)}” _, the

two-dimensional fractional Muntz-Legendre polynomials (2D-FMLPs)
on Q = [0.1] x [0.1].
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Theorem 3.1. Tow-FMLPs ate grthogcnal on Q.
Proof. Fori + p,j # q, we get

1 1
f j Li(a:a)L;(t: B)L,(x: @)Ly (t: B)dxdt
o Jo

= <j1 Li(x:a)L,(x: a)dx) (fl Lj(t:,B)Lq(t:ﬁ)dt> = 0.
0 0

and for i = p.j = q. we have

1,1 2 2 1 1 2
j j | L;(a; a)] | L;(t; ,B)] dxdt = <f [L;(x, a)]zdx> <f | L;(t; ,8)] dt)
0o Jo 0 0

1 1
S 2ie+1 2jf+1°

Hence, the proof is completed.
Definition 4. The function u(x.t) that is integrable in Q =| 0.1] X |0.1]
can be expanded on the form:

(14) u(x, t) = z z gL @)Ly (6 B)
where 0
(15) U;j

= (2ia +1)(2jp + 1)] j u(x, t)L;(x; a)L;(t; f)dxdt
0o Jo

In practice, only the first (m,)(m,)-terms of 2D-FMLPs are considered.
Then it can be written by the infinite series of Eq.(14) as

(16)

m1—1 m2—1

W) = Uy, () = ) L L6 )
i=0 j=0
= UT($(x: @) ® $(t: ) = UTY(x,0),

where Q) is the Kronecker product and
(17) ¢ @) =1 Lo(x; @), Ly (5 @) o Lyny 1 ()]
(6 B) = |Lo(t; B), Ly (6 B) - Liny—a (6 B)]
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uo,ol Lo(x; a)Lo(t; B)
Up,1 Lo(x; @)L, (t; B)
Yot Lo(x; @)Ly, -1 (t; B)
Uqo Ly(x; a)Lo(t; B)
u = : Y(x, t) = :
Ui jq Li(x;a)Li—1(t; )
U j Li(x; a)L;(t; B)
Ujje1 Li(x; @)Ljy1(t; B)

Lml—l(X; a):Lmz—Z(t; B)

uml—l,mz—Z]

uml—l'mz—l

mym,x1 mymyx1

Remark 3.2. A product matrix of FMLPs vectors given by:
Y(x, )Y (x,t)U = UY(x, 1),

where U is an (m;)(m,) X (m;)(m,) product matrix for the vector U as
follows:

U =| (00, jo1  [j0me=1.j10 fjlmz=1 _{jmi-1.0 (7m1—1,m2—1]T
where 0P4:p =0,1,...,m; —1,g = 0,1, ...m, — 1, is an 1 X m;m, matrix as
Yp.q — [P4.yP4 (P4 (P4 [ipd D4 D.q
0P = 0gy: 057 .05 00 00 09 o0 ]
and each element of UP1 is obtained as
m1—1 mz—l

079 = (2ka + 1)(21B + 1) Z z Ui Gijpat P-k = 01 my — 1, q.
i=0 j=0
=01....my,—1,
where g;jpqr 1S given by

1 1
Gijmatt = jo fo LG @)Ly (6 )Ly (03 )Ly (8 B)Lic (s @)Ly (6 ) dcdt

Remark 3.3. Assume that f(x,t) = FTY(x,t) and g(x,t) = GTY(x, t),
where F and G are an (m,)(m,)-vector as
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T
F =] f0,05f0,1; ---;f0m2—1»f1,0' ---»fi,j—l:fi,jrfi,j+1r ""fm1—1,m2—2;fm1—1,m2—1] )

T
G =1 900901 > 90m,—1, 91,00 ---,gi,j—1»gi,j'gi,j+1'""gm1—1,m2—2:gm1—1,m2—1] ’
where, from Definition 4. each element of F and G is obtained as

1 1
fij = Qi+ 1)(Zja+ 1)[ j f(x, t)L;(x)L;(t; a)dxdet.
0o Jo

1 01
gij = Qi+ 1)2ja+ 1)j f g(x, t)L;(x)L;(t; a)dxdt.
We can write 0
flx,)g(x,t) = ATY(x,t)YT(x,t)B = ATBY(x,t) = BTAY(x,t).
Lemma 3.4. The nonlinear operator N(u(x,t)) = uP(x,t), where u(x, t) =
UTY(x,t), can te approximated by
uP(x,t) = UTOP~1Y(x, ).
Proof. From Remark (3.3). we have
u?(x,t)  =ulx,tulx,t) = UTUY(x,t)
uP(x,t) = u?(x, )uP 2(x,t) = UTOY(x, Hulx, O uP3(x, t) = UTOY(x, )YT (x, t) UuP-
~ UTU?Y(x,t)uP~3(x,t) = - = UTOP~1Y(x, t).
So the proof is completed.

Furthermore, let k(x.t.y.s) be a function of four variables on Q x
Q. It can be approximated with respect to 2D-FMLPs as follows:

mi—1 my—1 mz—1 my-—1

K@ty = > > > Y ks QL6 AL )Lis )
i=0 j=0 k=0 1=0

= (@' (xa) ® ¢ FK(P(y:a) ® ¢(s; )
=YT(x,t)KY(y,s)
where

¢ @) = Lo(x; @), Ly (06 @) . L, -1 (5 @)]
&6 B) =1 Lo(t; B), Ly (6 B) o L, 1 (& B)] '

;@) =1 Lo(y; ), Ly (¥; @) oo Lon, -1 (73 @)]
¢ (s:B) =1 Lo(5; B, Ly(5; B) e Limy—1(s: B)] -

and K is an (m;m, X mym,)-matrix as follows:

KO’O KO,l KO,m3—1
K K10 g1l .. Kl,m3—1|
Km1—1,0 Km1—1,1 e Kml—l,m3—1
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K
I(OJ) f(OJ. I(OJn3—1
_ Kl,O Kl,l Kl,m3—1
Km1—10 Kml—ll Kml—l,m3—1

whereeachblockofK(qu p=01.... m; —1.q=0.1.... m3—1)isan
m, X my-matrix. Here. if we assume that KP4 = {k}'},i = 0.1.. —

1,j =0.1..,m, —1then
K”" = (2pa + 1)(2iB + 1)(2qa + 1)(2jB + 1)] j j j k(x,t,y

= S)L,(x; a)L;(t; B)Ly(y; @)Li(s; B)dxdtdyds.
Remark 3.5. By using the orthogonality property given in Theorem 3.1.
we have

(21) fl jl Y(x, t)YT (x, t)dxdt
o Jo

E, 0 0 - 0
0 EfL 0 - 0
= 0 O ", ", . = E’
: : 0
0 0 w0 Eml_l‘mlmzxmlmz

where each block of E(E;,i = 0,1,...m; — 1) is an (m, X m,)-matrix as
follows:

| ful f“l Lilw; o) Lolt; B) Ll o) Lolt: B)dedt 0«00 0 ]
0 D e 0
E‘ = 0 :
| ‘ . > |
0 v 0 I Lita a) g1t 8) Lila @) Ly -y [t 3)dxdt
: )
| 2ia41)(2(0)3+1) [1) 0 0 -I
0 2io+1)(2(1)3+1) o - 0
= 0 0

BF+1) J maxima

In this paper for convergence, we assumed that
m_1=m_2=m_3=m_4=m.

The presence of uniqueness and convergence analysesis stated in the following
theorems.
Theorem 3.6. If the double series

i i a;jL;(x:a)L;(t: B)

i=0 j=0
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L

converges uniformly to u(x, t) on the Q =| 0,1] x| 0,1], then

a;j = Lia +1)(2jp + 1)](; L u(x, t)L;(x: a)L;(t: f)dxdt.

Proof. Set
u(x.t) = Z Z a;jL;(x:a)L;(t; B).

i=0 j=0
and let m, n are fixed. Then we can write

f: fol u(x, t) Ly, (x; @)Ly, (t; B)dxdt J J (Z z a;;L;i(x; @) L;(t; ,8)) Ly, (0; @)L (t; B)dxdt

i=0 j=0

Z Z a; ( fo L @)L (1 a)dx) ( jo L Bt b’)dt>

i=0 j=0

a;j <f0 L2(x; a)dx) (fol L3 (t; ,B)dt)

1 1
~ 4 <2ia T 1) <2jﬁ + 1)'
Therefore, the proof is completed.

Lemma 3.7. If u(x.t) is a continuous functicn on | 0.1] x [0.1] and the
doutle seties

(22) z z ayLi (e @)L (¢: )

i=0 j=0
converges uniformly to u(x, t), then Eq. (22) is the FMLPs expansion of
u(x,t).

Procf. (By contradiction) Let
w6t = byl L6 )

i=0 j=0

u(x,t) ~ Z Z a;jL;(x; a)L;i(t; B).

i=0 j=0
Then there is at least one coefficient such that a,,,,, # b,,,,,- However.

1 1
bym = Cna + 1)(Zmp + 1)j j u(x, t)L,(x; a)L, (t; f)dxdt = apy
0 Jo

Lemma 3.8. If tuc continuous functions defined on [0.1] X [0.1] have the
identical FMLPs expansions, then these two functions are identical.
Proof. Let

and
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DO

u(x,t) ~ z z a;jL;(x: a)L;(t; B).

i=0 j=0

and

v(x,t) ~ z z a;jL;(x; a)L;i(t; B)

i=0 j=0
Then. we have

u(x, t) —v(x,t) ~ (a;; —a;;)Li( )L () =0

15 I
s 1]

OL;(x; a)L;(t: B).

i

Il
o
~
Il
o

Thus
u(x,t) —v(x,t)=0.
So. the proof is completed.

Theorem 3.9. If the 2DFMLPs expansion of a function u(x, t) converges
uniformly, then every 2D-FMLPs exponsion converges to u(x, t).
Proof. It is the result of the Lemma (3.7) and Lemma (3.8).

4. FMLPs operational matrix of fractional derivatives

In this section, we introduce an operational matrix of fractional
derivative. First, we consider the following lemma.
Lemma 4.1. Let L; (t; «) be a FMLP, then the Caputo fractional derivative
of L; (t: @) of order y>0 can be obtained as

l
., T(ka+1) _
DrLi(tie) = Z Dici [(ka—y+1) Lo
k=0

where
0. ka€eNjyandka <y.

bi = {bk,i. ka € Nyand ka = y or ka € Ny and ka =| y].
and by ; is found in Eq. (6).
Proof. From relations (3) and (5), the proof of the lemma is clear.

Now, the operational matrix of fractional derivative of FMLPs gives
by the below theorem .

Theorem 4.2. Let ¢ (x: @) is the fracticnal Muntz-Legendre vector as
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d(x;a) =l Lo(x:a),Li(x:a), ..., L, (x; a)]T.

DY¢(x:a) = DN (x; a)
where D™ is the (m+1) X (m + 1) cperational matrix of fracticnal
derivative of order y > 0 Then an elements of D) are obtained as

DY = (2ja+1 Ez:bb Pka + 1) .
= @ja+1) SIPRiT(ka —y 4+1) (k+s)a—y+1

then

where
, (0. ka€Ngandka<y.
Dres = {bk,i. ka € Nyand ka = y or ka € Ny and ka =] y].
Proof: According to Lemma 4.1, we have

[(ka + 1
(23) DYLy(t: @) = Z ble(kEij“——; )y)

On the other hand, approximative t*%~ V by using Eq. (10) gives the
following relation:

ka-y

m

(24) tka_y = z Ay, j L](t, a)

j=0

1
a; = ja+ 1).[ t YL (x; a)dt
0

j
1
= (2ja + 1)2 bs,jj thav+sa e

1
_(2]““)2 b”ka y+sa+1

Now. according to Eq. (23)-(25). We can wrlte
i

" '(ka + 1)
s:J ’”r(ka+1—y)

M‘

DY(t; @) = (2ja + 1)2
=0

j=0 k=0 s=0
1

t;
‘(ka—y+sa+1) Lt ).
Thus.
o 21 z’:zj:b ., _Tka+1) 1
y = (e )ko . STHRIT(ka —y +1) (k+s)a—y+1
= S=
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5.  Approximate solution to the FPIDES

In this section, we used the operational matrices of fractional derivative and
product of FMLPs, to approximate the solution of the nonlinear and linear
fractional partial integro-differential equation (1) with condition (2) . Thus,
using Egs. (16), (18), and Theorem 4.2, we may estimate the known functions,
the unknown function u(x,t), and the differentials D x*a u(x,t),D t*p u(x,t) in
the following ways:

(26) u(x,t) =UTY(x,t):
(27) glx,t) =GTY(x,t);
(28) k(x,t,y,s) =YT(x,t)KY(y,s)

where G is an (m?)-vector as follows:
G = |goo - Jo1 " rGom-1"Gro " Gij-1-9ij

T
"Jij+1 "y Im-1,m-2" gm—l,m—ll .
and the elements of ¢ are similar to the elements of U in Eq. (15) asfollows:

g1y = Qi+ DJB + 1) jo jo 90 D)L (6 @)Ly (8 B) dxdt,

and K is an (m? x m?)-matrix. which is defined in Eqg. (19). Furthermore, the
unknown function u? (x, t) we approximate as

(29) uP(x,t) =~ UTUP~1Y(x, t).

Also, the Caputo fractional derivatives of order a, f > 0 of u(x, t) isgiven by
(30) D&u(x,t) =~ UTDZY(x,t) =~ UTD%Y(x,t); D% =D & I;
(31) DPu(x,t) =~ UTDFY(x,t) ~ UTDPY(x,t); DF =1, @ DP:

where D,E“) and Dt(ﬁ ) are the Caputo fractional derivative matrices of ¢(x,t),
which are obtained in Theorem 4.2 and I,,, is the identity matrix of order m.
Substituting Egs. (26)-(31) in Eqg. (1): we have

1 1
UT(D2 +DP)Y(x,t) =GTY(xt) + f f UTOP~YY (y, s)YT (y.s)KTY (x, t)dyds
0 0

=GTY(x,t) +UTOP? <f f Y(y,s)YT(y, s)dyds) K™Y (x,t)

(32) =GTY(x,t) + UTOP'EKTY(x, t).

where E is an (m?) x (m?)-matrix with the elements given in the Remark 3.5.
Now, by a Tau method in [14], we should generate m? — 2m + 1 from Eq.(32)
by making inner product used L;(x; @)L;(t; 8) (for i,j =0,1..,m — 2) as
follows:

(33) ur (D;'; +DF ) B = (G" +UTOP'EKT)B

where
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DO

1 1
B = fo jo L;i(x; @)L; (t; B)Y (x, t)dxdt.

On the other hand, using the orthogoality property given in Theorem 3.1.
we can write:

0
0
0
0
1 ,1 : .
B = jo fo Li(x @)Ly (& B)Y (x, )dxdt = 1 ¥
Qe+ DEE+ D

0
=01..m-—2

Therefore. we rewrite Eq. (33) as follows:

(34) ur (D;'g +DF - (7P-1EKT) = GT.

Also. for the initial conditions (2), we have

(35) UT (I, ® $(0; B)) = Hy. ho(x) = Hyp(x; @), i
=0,1...2.

(36) UT(p(0; ) @ Iny) = Fy = fo(t) = Fy p(t;8), j
=01....m—-—1.

Now, we have a algebraic equations m? — 2m + 1 of the Eq. (34) together
with the 2m — 1 alebraic equations of the Egs. (35) and (36). After
solving this matrix system by using Mathematica software, we can find
the m? elements of the unknown matrix U and approximate solution

Uy (x,t) = UTY(x, t).

6. Numerical illustration

In this section, we introduce some examples of nonlinear and linear
FPIDEs to show the efficiency of the proposed method. The results will
be compared with the exact solutions. The accuracy of the present
method is estimated by the absolute error E,, and maximum absolute
error €,, are given by:
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En = u(eir ,8]) - um-n(ei' ,Bj);
€Em = max{u(@i,ﬂj) — um(Hi,Bj)}.

where 6; and f; are defined as
1 1

(6:8;) = (xla tf)’ i=01,..,m j=01,..,n

where x; and t; are Chebyshev-Gauss-Lobatto points with the following
relations:

Example 1.
Consider the linear FPIDE

1 1
Diu(x,t) + Dtﬁ u(x,t) =g(x,t) + ] j xtysu(y,s)dyds.
o Jo

u(x,0)=u(0,t)=0.0<a,f <1 (xt) €(0,1] x(0,1].
where
xt
)= ————tx T ———xt' P ——,
I&) =t =™ T traop” 9
The exact solution is u(x, t) = xt. By using the present method to solve

this problem with m = 3. fora = g8 = %, we get €5 = 2.0646e — 09. and

2.5000e — 017
2.0000e — 01
5.0000e — 02
U= 2.0000e — 01
4.0000e — 02
5.0000e — 02
4.0000e — 02
-1.0000e — 02-

Then, the approximation solution is given as
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1
1
3tz —2
1
10t —12t2 + 3
1
3x2—2
1 1
us(x,€) = Uy, 6) = (32— 2) (322 - 2) - x(®.

1
10tx — 12tx2 + 3
1 1
(Sti — 2) <10x —12x2 + 3)

1 1
(10t —12t2 + 3) <10x —12x2 + 3)

which is actually the exact solution. To get less error. we put m = 3. In this
case. weget e, = 1.6653e — 16, and
2.5000e — 01 2.5000e — 01
2000e — 01 2000e — 01
5000e — 02 5000e — 02
—1.6523e — 16 0

2.000001e = 2.000001e
1.6000e — 01 1.6000e — 01
4.0000e — 02 4.0000e — 02
—2.9560e — 16 0
5.0000e — 02 5.0000e — 02
4.0000e — 02 4.0000e — 02

U= 1.0000e — 02 1.0000e — 02
—8.9755e — 17 0
—1.8308e — 17 0
—1.6962e — 16 0
—4.8497e — 17 0

3.9177e — 17 0

S0, the approximation solution is obtained as

u(x.t) = UTy(z.t) = xt.
Example 2.

Consider the linear and nonlinear FPIDE
1 1

D%u(x,t) + Dfu(x, t) =g(t,x) + j J(x2 — t¥)ysuP (y; s)dyds
0

0
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Ak

u(x,0) =u(0,t)=0; 0<a,p<1; (xt)€e(01]
where _‘
glz. t) = { maeayte. “+0- "'251{1,.;; - 1_’— for p=1. (linear form).

2 P . " ] J
—tr® "+ {1 -zx°)

¢

{ s A . R ¢ ] ~
75— — —3— for p=2. (nonlinear form).

XK
The exact solution is u(x,t) = (1 — x?)t, the results are shown in Tables
1. 2 and Figures 1. 2. 3. Table1 shows the maximum absolute error ¢, for

2.2 for p = 1. Table 2 shows
10 10 10 10

1
the ¢, for various values of m. and a = f = 5,5, ;

shows the comparison between the exact solution and the approximate
solution with the absolute error E;, for a = =1—70;%; for p =

various valuesof m,and a« = g =

for p = 2. Figure 1

Figure 2 shows the comparison between the exact solution and the
approximate solution with the absolute error E, fora = g = g for p =
2.In addition Figure 3 shows the logarithmic graphs of €,, (logiom) for
7
a—B—E TRETE Eandp—l forp =1.
7. Conclusion

In this paper, we applied a basis of 2-dimensional fractional Muntz-
Legendre polynomials to get the numerical solution of nonlinear and linear
FPIDES. To obtained the unknown coefficients 2D-FMLPs, we used the
operational matrices of product and fractional derivatives of FMLPs together
and the Tau method. The efficiency and accuracy of the proposed method
showed the results of the numerical examples and the comparison with exact
solution .
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